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a  b  s  t  r  a  c  t

Conventional  models  of  both  packed-bed  and  stacked-membrane  chromatography  typically  attribute  elu-
tion  band  broadening  to non-idealities  within  the  column.  However,  when  the  column  length  to  diameter
ratio  is greatly  reduced,  as  in  stacked-membrane  chromatography,  variations  in solute  residence  times
within the  feed-distribution  (inlet)  and  eluent-collection  (outlet)  manifolds  can  also  contribute  to band
broadening.  We  report  on  a new  zonal  rate  model  (ZRM)  for  stacked-membrane  chromatography  that
improves on  existing  hold-up  volume  models  that  rely  on one  plug-flow  reactor  and  one  stirred-tank
reactor  in  series  to describe  dispersion  of  solute  during  transport  into  and  out of  the column.  The  ZRM
radially  partitions  the  membrane  stack  and  the hold-up  volumes  within  the  inlet  and  outlet  manifolds  into
zones  to  better  capture  non-uniform  flow  distribution  effects  associated  with  the  large  column  diameter
to height  ratio.  Breakthrough  curves  from  a scaled-down  anion-exchange  membrane  chromatography
module  using  ovalbumin  as  a model  protein  were  collected  at flow  rates  ranging  from  1.5  to  20  mL  min−1
ydrodynamics
ass transfer

under  non-binding  conditions  and  used  to evaluate  the  ZRM  as well  as  previous  models.  The  ZRM  was
shown  to  be  significantly  more  accurate  in describing  protein  dispersion  and breakthrough.  The  model
was then  used  to decompose  breakthrough  data,  where  it was found  that  variations  in  solute  residence
time  distributions  within  the  inlet  and  outlet  manifolds  make  the  dominant  contribution  to  solute  dis-
persion  over  the  recommended  range  of feed  flow  rates.  The  ZRM  therefore  identifies  manifold  design  as
a critical  contributor  to separation  quality  within  stacked-membrane  chromatography  units.
. Introduction

Packed-bed chromatography has remained a cornerstone of
ndustrial and therapeutic protein purification for over a half
entury due to its good capacity and outstanding resolving capa-
ility. However, cost and throughput concerns associated with
onventional preparative-scale chromatography, due in part to
ass transfer resistances within the columns (particularly intra-

ore diffusion resistances), have motivated the development of
lternative purification technologies offering higher rates of mass
ransfer while maintaining high binding capacities and resolv-

ng power. One such technology is membrane chromatography,

hich is gradually gaining industrial acceptance as an attractive
lternative to packed bed chromatography for the capture and

� Presented at the 30th International Symposium on Proteins, Peptides and
olynucleotides (ISPPP), Bologna, Italy, 5–8 September 2010.
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downstream processing of protein products [1–3]. The intercon-
nected pore architecture of the stacked or monolithic membrane
column allows solutes to be convected across binding sites. Mass
transfer is therefore enhanced, limited primarily by the rate of film
diffusion or, most often, the intrinsic adsorption kinetics of the
protein–sorbent complex [4].  By greatly reducing diffusion limited
transport, membrane chromatography offers the well-documented
potential [5–7] to increase throughput and performance provided
the column design meets capacity and resolution requirements.

In most commercially available membrane chromatography
units, the membranes are either axially stacked or spirally wound
in order to achieve sufficient capacities [4,2,8].  To date, membrane
chromatography modules with axial flow have proven more suit-
able for miniaturization. As a result, they provide a more easily
scaled-down path to analysis and design of a particular separa-
tion provided an appropriate model is available. Several modeling
approaches exist for the quantitative description of breakthrough
curves from membrane chromatography modules. Most are based

on a combination of the continuity equation and a kinetic equation
describing protein binding and desorption [e.g. 10–14],  hereafter
referred to as the 1D rate theory of chromatography. Some of these
models also account for dispersion in external hold-up volumes

dx.doi.org/10.1016/j.chroma.2011.05.017
http://www.sciencedirect.com/science/journal/00219673
http://www.elsevier.com/locate/chroma
mailto:e.von.lieres@fz-juelich.de
mailto:israels@msl.ubc.ca
dx.doi.org/10.1016/j.chroma.2011.05.017
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Fig. 1. Representative path lengths for solute flow within a stacked-membrane
chromatography module possessing both axial and radial flow components within
the feed distribution and eluent collection manifolds. Each shaded area indicates a
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adially defined zone in the manifold offering a distinct solute residence time, with
he  length of the flow line through the zone reflecting the time. Qi represents the
ow rate through zone i.

which can make up, particularly in smaller modules, a large per-
entage of the total fluid-contacting volume) through the inclusion
f a plug flow reactor (PFR) in series with a continuous stirred tank
eactor (CSTR) [14–16].  Roper and Lightfoot [17] expanded on this
oncept to more accurately model all hold-up effects by placing a
econd PFR/CSTR sequence after the membrane stack in an attempt
o account for solute dispersion within the eluent-collection (out-
et) manifold.

However, it has now been shown that models that utilize a linear
FR/CSTR sequence either before or on both sides of the standard
D rate theory of chromatography are not generally sufficient for
uantitative reproduction of breakthrough curves from axial flow
odules [18–21]. The failure of these models can arise, at least

n part, from an oversimplified treatment of transport and bind-
ng processes within the membrane stack, as evidenced by the
ecent work of Sarti and coworkers [14] who improved prediction
f breakthrough by utilizing a bi-Langmuir isotherm to account for
eterogeneities in the binding energy of the sorbent. In addition,
revious studies [17,22,23] of flow within different commercially
vailable membrane chromatography units have shown that the
verage path length through the centerline of the feed-distribution
inlet) manifold is significantly shorter than through outer regions
f the manifold, as illustrated in Fig. 1. Column loading therefore
oes not occur in the desired plug-flow manner, resulting in solute
reakthrough from the centerline of the membrane prior to the
aturation of binding sites in the outer radial positions of the mem-
rane stack, even when the axial flow rate is constant and invariant
f the radial position. This source of solute dispersion must also be
roperly described to realize an accurate model-based description
f stacked-membrane chromatography.

In this work, we derive and evaluate a new model for membrane
hromatography that specifically accounts for non-uniform radial
ow distributions within the inlet and outlet manifolds. The zonal
ate model (ZRM) radially partitions the external hold-up volumes
nd membrane stack into virtual zones. This partitioning allows for
he independent treatment of solute dispersion within the hold-up
olumes of each zone and therefore offers the potential to better
apture the effect of the variable path lengths illustrated in Fig. 1.
he ZRM is first compared to experimental data to determine the
onal configuration that best describes the dispersion of a model
rotein (ovalbumin) through a commercially available stacked-
embrane ion-exchange chromatography module. The model is

hen used to decompose the observed dispersion to determine the
agnitude of each contribution. All experiments and associated

odel calculations are performed under flow-through conditions

o eliminate dispersion effects related to protein binding and des-
rption that might confound our efforts to characterize and model
on-idealities associated with the column hold-up volumes. These
Fig. 2. Stirred tank and membrane network representation of a stacked-membrane
chromatography module with (A) standard and (B) diagonal flow distribution and
collection.

results therefore build on our recent work performed on a sim-
pler flat-sheet membrane unit for which an analytical solution to
the tank network was possible, in part because dispersion in the
membrane was  neglected [24].

2. Theory

2.1. ZRM model description

In its most general form, the ZRM radially partitions a
stacked-membrane chromatography column (hold-up volumes
and membrane stack inclusive) into any number n of zones as illus-
trated in Fig. 1. There are then n membrane zones preceded by n
feed distributor zones and followed by n eluent collector zones.
The membrane stack is considered homogeneous in its properties,
but is subject to different initial conditions at the membrane inlet
within each zone due to differences in solute residence times within
the associated zones of the feed distributor. Mobile and stationary
phase composition therefore depend on the zone in addition to
their typical dependence on axial position and time.

Configuration of the zones can be achieved in a number of ways.
For the illustrative case where n is taken to be 3, Fig. 2A shows
one possible arrangement of the virtual hold-up zones for modules
that possess both axial and radial flow components within the inlet
and outlet manifolds. Radial flow in this configuration, hereafter
referred to as the “standard” configuration, is modeled by forcing
solute molecules in the feed that physically travel through the outer
radial region of the membrane to virtually pass through a common
PFR and then inlet CSTRs 1a, 2a, and 3a. The total average residence
time of a solute molecule traversing this path is therefore modeled
as the sum of the average residence times for the PFR and the three
inlet CSTRs, while that for a solute molecule traveling down the col-
umn  centerline is given by the sum of the residence times for the
PFR and CSTR 1a only. Flow paths and average residence times in the
eluent collection manifold are modeled in an equivalent manner.
Different configurations of this three zone model are possible, as
illustrated by the “diagonal” configuration shown in Fig. 2B, where
solute molecules traveling through the outer radial region of the
membrane now pass through a common inlet zone and then zone
3a. This configuration has the advantage that it provides a solute

flow representation that more closely resembles the true flow path
by explicitly accounting for sources of solute dispersion upstream
of the feed distribution manifold and providing a unique hold-up
volume for each zone. However, it requires an additional parameter
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o do so, which unnecessarily complicates the model, and we there-
ore first focused on the standard ZRM configuration in Fig. 2A with
he aim of minimizing both the number of regressed parameters
nd overall model complexity.

The required number of zones is optimized for the membrane
hromatography module under investigation and should reflect

 good compromise between complexity and accuracy of the
odel. An insufficient number of zones will violate the assump-

ion that concentrations are radially homogeneous within a given
one, whereas an excessive number of zones result in insignificant
oncentration differences between the zones and an unnecessary
omplexity to the model.

Each virtual hold-up zone is modeled as a CSTR using the stan-
ard mass balance relation

dcCSTR

dt
= 1

�
(cCSTR

in − cCSTR) (1)

here � is the residence time of the tank and is equal to the ratio
f the volumetric flow rate through the tank Qi to the tank volume
CSTR(� = Qi/VCSTR); cCSTR

in
and cCSTR are the solute concentrations in

he tank inlet and outlet, respectively. A PFR modeled as

PFR
out (t) =

{
0 t < tlag

cPFR
in

t > tlag
(2)

s placed in series within the flow network and accounts for an
dditional time lag that is uncoupled from the system dispersion.
ere, the time lag, tlag, is equal to VPFR/Q. It should be noted that

ince the PFR provides a time lag but no dispersion, its relative
osition in the flow network is not important. Moreover, two or
ore such dead volumes within the network can be modeled with

 single PFR. In the ZRM, the total time lag in the system is therefore
ccounted for by a single PFR placed before the tank/membrane
etwork.

The membrane zones are modeled as isolated membrane stacks
f defined cross-sectional area embedded in the network of stirred
anks. All experiments and model calculations reported in this
ork are for non-binding conditions, and solute convection and

xial dispersion within a membrane stack are therefore modeled in
he traditional manner with a simple continuity equation derived
rom a solute mass balance within an infinitesimal control volume
4,9,20]:

∂c

∂t
+ v

∂c

∂z
= Da

∂2c

∂z2
(3)

ere c(z,t) is the solute concentration in the mobile phase at time
 and distance z from the column inlet, Da is the axial dispersion
oefficient, and v is the interstitial velocity given by the ratio of
he superficial velocity u to the membrane porosity ε. Danckwerts’
oundary conditions are applied at the inlet (z = 0) and outlet (z = L)
f each membrane stack [25]:

 · cin(t) = v · c(0,  t) − Da
∂c

∂t

∣∣∣∣
z=0

(4)

∂c

∂z

∣∣∣∣
z=L

= 0 (5)

Initial conditions assume a step concentration increase from
in = 0 to cin = co at the root inlet of the tank network at time t = 0. As
qs. (1)–(5) apply to flow-through conditions, they can be applied
o any solute component introduced into the network.

The flexibility inherent in partitioning both the external hold-
p volumes and column volume itself allows the ZRM to be applied

o a variety of flow phenomena. In the membrane chromatogra-
hy system modeled here, each zone within the membrane stack

s treated identically and all flow non-uniformities are the result
f the external volumes, but this does not necessarily have to be
 1218 (2011) 5071– 5078 5073

the case. Hydrodynamic, structural and mass-transfer properties
within the column can be treated as zone dependent. For example,
axial velocities and/or porosities can differ among column zones to
account for the type of radial heterogeneity of interstitial velocities
sometimes seen in packed bed chromatography due to wall effects
[26–28].

2.2. Computational methods

The complete zonally segregated upstream hold-up volume,
membrane stack and downstream hold-up volume network could
be solved in a standard sequential manner by first solving the
upstream hold-up volumes, then solving the membrane zones
one by one with the upstream results giving the required initial
conditions, and so on. However, that approach requires adaptive
time stepping of the differential equation solver that necessarily
complicates treatment of the initial and boundary conditions. We
therefore chose to simultaneously solve the entire system of cou-
pled model equations in a novel and much more computationally
efficient manner as follows.

In the forward problem, where a breakthrough curve is com-
puted for a given set of model parameters and specified column
operating conditions, the partial differential equations for the
membrane zones are first discretized along the axial coordinate
by the method of lines [29]. The membrane zones are then cou-
pled with the hold-up volume network as described in Appendix
A, resulting in a large system of differential equations (ODE). The
MATLAB solver ode15s [30] is used for time integration and must
be restarted at any step discontinuity in the boundary conditions
of the root tank.

With default settings the ode15s solver is predominantly occu-
pied with numerically computing the system Jacobian, which is a
matrix of size m by m that contains the partial derivatives of the
right hand side of the nonlinear ODE system with respect to the
m state variables of the spatially discretized model. We  compute
this matrix several orders of magnitude faster and more accurately
by explicit differentiation of the corresponding model equations.
Performance of the ode15s solver is further improved by a variable
transformation that yields a diagonal mass matrix on the left hand
side of the ODE system.

In the inverse problem, unknown model parameters are
estimated from chromatogram data by repeatedly solving and
updating the entire equation system using MATLAB’s iterative opti-
mization function lsqnonlin that uses an algorithm based on the
interior-reflective Newton method [31,32].  Unknown parameters
in the ZRM that must be regressed include those appearing in
the PFR model (tlag) and possibly the continuity equation (Da)
if a value is not already available. The ZRM as configured in
Fig. 2A also requires values for two  residence times per zone.
This number can be halved if the chromatography module can be
treated as axially symmetric, meaning the feed-distribution tank
and eluent-collection tank within a given zone have identical aver-
age residence times (i.e. �1a = �1b, �2a = �2b, etc.). Additionally, as
derived in Appendix A, a flow fraction ˚i value is required for each
additional zone beyond zone 1.

The need to develop the highly efficient solution algorithm
described above arises because a typical system with one solute
component, three zones, and 1000 axial knots is described
by a system of k = 1 × 2 × 3 × 1000 = 6000 equations, and one
with three components, four zones and 1000 axial knots yields
k = 3 × 3 × 4 × 1000 = 36,000 equations. Since the computational

effort increases nonlinearly with both the number of equations and
unknown model parameters, a high computation speed is crucial
for the practical applicability of the ZRM. The implementation of
the computational algorithm described above enables a 2.20 GHz
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Fig. 3. Model fit of experimental breakthrough curves (�) for loading of ovalbu-
min  (co = 1 mg mL−1) on a Mustang XT5 module under non-binding conditions at
a  flow rate of 1.5 mL  min−1 using: (A) the base-case membrane chromatography
model which is comprised of a plug flow reactor in series with the 1D rate the-
ory of chromatography; the bold line represents base-case model results for a Da

of 7 × 10−11 m2 s−1 and the thin line for a regressed Da of 1 × 10−4 m2 s−1; (B) the
one-zone membrane chromatography model comprised of a plug flow reactor, a
CSTR, the membrane stack and a second CSTR in series; the bold line represents
074 P. Francis et al. / J. Chroma

esktop computer to solve the forward problem in ca.  10 s and the
nverse optimization of 4 unknown parameters in less than 5 min.

. Experimental

Mustang Q XT5 anion-exchange membrane chromatography
odules (generously donated by Pall Inc. (East Hills, NY, USA)) con-

aining modified hydrophilic polyethersulfone (PES) membranes
ere used in this study. The height and cross-sectional area of

he stacked membrane bed in these modules are 2.20 mm and
2.06 cm2, respectively, and the hold-up volume is 3.21 mL  for both
he feed-distribution and eluent-collection manifolds. The nominal
ore size and porosity ε of the membranes is 0.8 �m and 0.70 ± 0.05
ased on data provided by the manufacturer. The XT5 capsule was
ttached to an AKTAexplorer FPLC system controlled by Unicorn
.12 software (Amersham Pharmacia, Uppsala, Sweden).

Breakthrough experiments were performed under non-binding
onditions using 1 mg  mL−1 ovalbumin (Sigma, Oakville, Canada)
nd a running buffer of 1 M NaCl in 25 mM Tris, pH 8.0 (Fischer Sci-
ntific, Ottawa, Canada). Experiments were performed at flowrates
f 1.5, 5, 10 and 20 mL  min−1. The membrane stack was  cleaned
ollowing the suggested protocol of the manufacturer using a 1 N
aOH solution followed by a wash with 1 M NaCl in 25 mM H3PO4

Fischer Scientific, Ottawa, Canada).

. Results and discussion

.1. Comparison of existing hold-up volume models with
xperiment

Breakthrough curves under non-binding conditions for frontal
oading of ovalbumin at four distinct flowrates (1.5, 5, 10 and
0 mL  min−1) were measured and first used to evaluate the perfor-
ance of both a “base-case” stacked-membrane chromatography
odel that ignores all hold-up volume effects, as well as the more

dvanced “one-zone” model proposed by Roper and Lightfoot [17]
hat includes terms for estimating solute dispersion in the feed dis-
ributor (linear PFR to CSTR sequence), membrane stack (1D rate
heory of chromatography), and eluent-collection manifold (linear
STR to PFR sequence). Fig. 3A compares base-case model results
o breakthrough data at 1.5 mL  min−1 for the case where Da is set to

 × 10−11 m2 s−1, the diffusivity of ovalbumin in water at the col-
mn  operating temperature [33]. This model calculation follows
rom the fact that the axial Peclet number Pe is generally quite
arge in stacked-membrane chromatography, and several studies
ave shown for such systems that the axial diffusion coefficient
an be used in place of the axial dispersion coefficient with mini-
al  error [e.g. 10]. Thus, we expect Da to be near 7.0 × 10−11 m2 s−1,

nd this value is likewise in good agreement with available exper-
mental values for membrane and monolithic columns (where,
ypically, 10−12 < Da ≤ 10−9 m2 s−1) [12,18,34,35] and appropriate
orrelations for estimating Da from the physical structure and
perating conditions of the column [36].As shown in Fig. 3A, the
ase-case model shows essentially no agreement with the break-
hrough data when Da is set equal to 7.0 × 10−11 m2 s−1, predicting
lmost no band broadening. As the experiments were conducted
nder non-binding conditions and low solute (ovalbumin) concen-
rations, the significant discrepancy between the base-case model
nd experiment cannot be attributed to dispersion effects related
o slow kinetics of protein binding to or desorption from the sta-

ionary phase. The results therefore provide compelling evidence
hat solute dispersion within the inlet and outlet hold-up volumes

akes a significant contribution to broadening of the breakthrough
urve.
model results for a Da of 7 × 10−11 m2 s−1 and the thin line for a regressed Da of
1  × 10−5 m2 s−1.

Some amelioration of the base-case model error can of course
be achieved by treating Da as an apparent or lumped parameter
that includes the contributions of the hold-up volumes to solute
dispersion. This adaptation of the base case was therefore tested
by globally regressing Da to the complete set of breakthrough data.
An improvement in model performance is observed (Fig. 3A), but
significant discrepancies remain. Moreover, minimization of model
error results in a regressed value of Da (1.0 × 10−4 m2 s−1) that is
clearly unrealistic from the perspective of specifically treating axial
dispersion within the membrane stack, as it is at least 5 orders of
magnitude higher than the expected value of Da for this system.

The results in Fig. 3B show that the one-zone model of Roper
and Lightfoot substantially addresses many of the shortcomings of
the base-case model. When the flow rate is 1.5 mL  min−1 and Da

is set to 7.0 × 10−11 m2 s−1, the one-zone model clearly captures
the early stages of breakthrough much better than the base-case
model. However, it does not accurately reproduce the later stages
of breakthrough, including the slow approach to saturation of the
membrane interstitial volume and associated hold-up volumes.
These model errors, which also include the prediction of an initial
breakthrough trend that is too shallow when compared to exper-
iment, are similar to what has been previously reported for other

one-zone type models [37]. The same errors are also observed at
higher flow rates, though their magnitude decreases with increas-
ing flow rate as indicated by the sum of the square of residuals data
reported in Table 1.
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Table 1
Comparison of the sum of the square of residuals between experimental breakthrough data for 1 mg mL−1 ovalbumin through a Mustang XT5 column under non-binding con-
ditions and simulated breakthrough curves from the base-case, one-zone, two-zone and symmetric three-zone models at four distinct flowrates. Da was set to 7 × 10−11 m2 s−1.

Flow rate (mL  min−1) Base case 1 zonea 2 zones (w and w/o symmetry) 3 zones (w/symmetry)

1.5 9.1374 0.5173 0.0034 0.0029
5 12.7519 0.3198 0.0077 0.0077

10  13.7395 0.0302 0.0074 0.0058
0.0133 0.0079

11 m2 s−1.
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Fig. 4. Symmetric two-zone ZRM fit (solid line) of the experimental breakthrough
−1

of and the disparity between the inner and outer zone residence
times decrease with increasing Q. Solute dispersion effects asso-
ciated with unequal flow paths through different regions of the

Table 2
Structural parameters for the symmetric two-zone ZRM configuration regressed
from experimental breakthrough data for 1 mg mL−1 ovalbumin through a Mustang
XT5 column under non-binding conditions at four distinct flowrates. Da was set to
7  × 10−11 m2 s−1.

Flow rate (mL  min−1) tlag (s) � inner (s) �outer (s)
20  14.8522 0.0212 

a Results computed using the model of Roper and Lightfoot [17] with Da = 7 × 10−

We  note that a small reduction in model error can again be
ealized by treating Da as a lumped adjustable parameter and
egressing it to the complete set of breakthrough data (Fig. 3B).
s before, however, the “optimal” value of the regressed Da

1.0 × 10−5 m2 s−1) is completely unrealistic as an indicator of
olute dispersion specifically within the membrane stack.

.2. ZRM model configuration optimization and application

Flow-through conditions are best suited for determining the
tructure of the hold-up volume network in the ZRM, as the
nknown system parameters are then limited to the residence
imes for the zonal CSTRs, the lag time for the required PFR, and
a if it is not assumed equal to the diffusivity of ovalbumin. Disper-
ion effects associated with protein binding and elution are avoided
nd all other required model parameters are known, including the
tacked membrane thickness and porosity, as well as the hold-up
olumes of the inlet and outlet manifolds. In the XT5 module, the
eometries of those two manifolds are simple mirror images, and
he manifolds therefore share the same hold-up volume, 3.21 mL
ach. As a result, we expect the average solute residence time to be
he same for the two manifolds.

We  globally fit a number of configurations of the ZRM to the
omplete set of ovalbumin breakthrough data collected from the
T5 membrane chromatography module and then compared the
um of the square of residuals. Both the number of zones and the
alidity of the manifold symmetry approximation were tested to
etermine the ZRM configuration that best describes the experi-
ental data with the minimum number of regressed parameters.
Table 1 reports sum of the square of residuals data for the fitting

f several configurations of the standard ZRM to the breakthrough
urves measured for frontal loading of ovalbumin at four different
ow rates. All configurations of the ZRM tested resulted in signifi-
ant improvement in model accuracy when compared to either the
ase-case or single-zone model. Indeed, as illustrated in Fig. 4A and
, calculated breakthrough curves from the simplest ZRM configu-
ation tested (two zones) essentially superimpose the experimental
ata, and this result was true at all flow rates as evidenced by the
um of the squared residual values reported in Table 1. No change
n ZRM performance was observed when the symmetry approxi-

ation was invoked, as should be expected from the geometry of
he XT5 capsule. As a result, though the breakthrough data are also
erfectly described by the ZRM configured either in two  zones with-
ut symmetry or in three zones with tank symmetry (Table 1), the
dded complexity of those configurations is not required. The same
rguments also made it unnecessary to evaluate the performance
f the “diagonal” configuration of the ZRM shown in Fig. 2B.

Within the ZRM, the flow fraction through the outer zone, ˚2,
s independent of flow rate and was therefore directly regressed
o the entire data set, giving a value of 0.26. This relatively low

2 indicates that the ZRM can successfully address the deficiencies

n the single-zone model to quantitatively capture solute disper-
ion in a stacked-membrane chromatography module by directing

 relatively small percentage of the feed through zone 2. The values
f the remaining parameters of the symmetric two-zone ZRM are
data (�) for ovalbumin (co = 1 mg mL ) loaded on a Mustang XT5 module under
non-binding conditions at a flow rate of (A) 1.5 mL min−1 and (B) 5 mL  min−1. Da

was 7 × 10−11 m2 s−1 in all calculations.

reported in Table 2. All of these regressed times necessarily depend
on flow rate since the associated hold-up volumes are constant. The
product of the lag time tlag and Q is a constant characteristic dead
volume (ca. 0.38 mL)  in accordance with the solution of the PFR
model (Eq. (2)). Similarly, the residence time for each CSTR has a
linear dependence on 1/Q, as is required by the solution to Eq. (1).
From a modeling perspective, what is important is that the values
1.5 15.25 45.4 125.3
5 4.57 20.5 37.6

10  2.29 11.5 18.8
20 1.14 6.1 9.4
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Fig. 5. Contributions of the inner and outer radial zones to elution band spreading
of ovalbumin (co = 1.0 mg mL−1) loaded on the XT5 module at (A) 1.5 mL  min−1 or
( −1
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Table 3
Breakdown of ZRM predicted solute elution variance � (s) for the 1.5 mL  min−1 flow
rate as a function of flow zone and flow elements within the zone.

Source of variance Zone 1 Zone 2

Total 81.45 s 267.9 s
Feed distribution manifold 48.68 s 141.6 s
B) 20 mL  min . The symmetric two-zone configuration of the ZRM was  used for
ll  calculations. The residence times of the inner and outer tanks were 45.4 s and
25.3 s, respectively, and the time lag was 15.25 s. Da was  set to 7 × 10−11 m2 s−1.

nlet and outlet manifolds are therefore predicted to be largest at
ow flow rates. All CSTR residence times approach zero near the
ighest flow rates recommended for operation of the module. As

 result, differences between the symmetric two-zone ZRM and
he single-zone model are diminished (Table 1), indicating that the
RM effectively reduces to the simpler one-zone model of Roper
nd Lightfoot (but not the base-case model) at high Q.

.3. Decomposition of system dispersion using the ZRM

In addition to accurate prediction of breakthrough, the ZRM pro-
ides the ability to decompose solute dispersion in order to analyze
ontributions taking place in each radial zone as a function of time
nd flow rate. Fig. 5 reports contributions to solute breakthrough
rom the inner and outer radial zones computed by the symmetric
wo-zone configuration of the ZRM for two different feed flow rates.
he trends are qualitatively similar between the two flow rates.
ignificantly greater solute dispersion is predicted within zone 2
ue to the longer average residence time of solute passing through
he outer radial positions of each manifold. Breakthrough of solute
rom zone 2 is therefore delayed relative to that from zone 1 and,
s a result, zone 2 does not contribute to the initial breakthrough
f solute from the column. The ZRM therefore predicts a relatively
teep initial breakthrough, as observed experimentally but not well
escribed by previous models. The ZRM also predicts that when

reakthrough from zone 1 is complete, the loading of zone 2 is less
han half complete and the remaining slow approach to system sat-
ration is fully determined by dispersion processes within zone 2
uring the second half of its loading.
Membrane stack 1.62 s 0.33 s
Eluent collection manifold 31.15 s 126.0 s

For the 1.5 mL  min−1 flow rate, the variance (�) of the vari-
ous dispersion processes within each zone are reported in Table 3
along with the total variance generated by the zone. For either
zone, solute dispersion within the feed-distribution and eluent-
collection manifolds accounts for at least 98% of the total dispersion.
As should be expected for the commercial ion-exchange mem-
branes used in this study, the membrane stack is highly efficient,
offering an HETP of between 1 and 4 �m over the range of flow rates
tested and contributing very little to the observed solute disper-
sion within the module. Indeed, the near step-change breakthrough
curve (solid line) in Fig. 3A computed using the base-case model
represents the degree of elution band broadening that would be
expected if the external hold-up volumes provided no contribution
to solute dispersion. It is interesting to note that the contribution
of the membrane stack to the total solute dispersion is smaller in
zone 2 (� = 0.33 s) than in zone 1 (� = 1.62 s) despite the fact that
both Da and v are the same within the two zones. This is due to
differences in the shape and slope of the concentration gradient of
solute entering the membrane stack from the two  different zones
of the feed distribution manifold. Due to the higher dispersion of
solute exiting zone 2 of that manifold, d2c/dz2 in Eq. (3) takes on
smaller values in general, resulting in lower dispersion within zone
2 of the membrane stack. Differences in initial conditions likewise
account for the unique variance contributions made by each CSTR
within the network.

The ZRM can also be used to explore operational space to identify
system configurations or conditions where improvements in sys-
tem performance might be realized. For example, Fig. 6 shows ZRM
predictions of the effect on total solute dispersion, quantified here
by the computed normalized second central moment ( �̄2/(�1)2)
where �̄2 equals �2 and �1 is the first moment, of changes to the
values of ˚2 and the column Peclet number Pe.  When Pe > 100,
which is true at 1.5 mL  min−1 (Pe = 510) and typically the case in
membrane chromatography, the contribution of the membrane to
solute dispersion is negligible and the ZRM predicts that a sharp-
ening of solute breakthrough can be achieved by engineering a set
of inlet and outlet manifolds that serve to reduce ˚2. As shown
in Fig. 6, even a small decrease in ˚2 could provide a significant
improvement, as the ZRM predicts that �̄2/(�1)2 decreases rapidly
with decreasing ˚2 when Pe > 100.

The results in Fig. 6 also show that solute dispersion within the
membrane stack is predicted to contribute significantly to broad-
ening of the elution band when Pe drops to a value near 10 or lower.
Thus, at a flow rate of 1.5 mL  min−1, a 2.2 mm thick membrane stack
would contribute to the total variance if it were characterized by a
Da of 10−9 m2 s−1, which is at the high end of experimental Da val-
ues reported for membrane and monolithic columns [12,18,31,32].
In this regime (Da ≥ 10−9 m2 s−1), band broadening is predicted to
depend strongly on Da but, because the contributions of the inlet
and outlet manifolds are reduced, show a much weaker depen-
dence on ˚2.

Operationally significant dispersion within the column can also
be realized through an increase in column length. As shown in

Fig. 7, an order of magnitude increase in the membrane bed height
to 2.2 cm is predicted to increase �̄2 3-fold (note the log scale),
with further increases in bed height resulting in more significant
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Fig. 6. Normalized second moment of ZRM simulated breakthrough curves as a
function of Peclet number Pe and flow fraction through the outer zone (˚2) for the
c
o
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i
m
e
t
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F
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t

ase where the column length is 2.2 × 10−3 m2 and the flow rate is (A) 1.5 mL  min−1

r (B) 20 mL  min−1. The symmetric two-zone configuration of the ZRM was  used for
ll  calculations.

ncreases in band broadening due to the membrane stack then
aking the dominant contribution to �. When configured prop-
rly, the ZRM can therefore provide guidance on effective ways
o increase column capacity by predicting the effects of increasing
oth bed diameter (which may  increase hold-up volumes, associate

ig. 7. Second central moment of ZRM simulated breakthrough curves as a function
f column length and flow fraction through the outer zone (˚2) for the case where
he  flow rate is 1.5 mL  min−1 and Da is 7 × 10−11 m2 s−1.
 1218 (2011) 5071– 5078 5077

residence times and number of zones) and bed height on column
loading efficiency.

Finally, as shown in Section 4.2, the symmetric two-zone ZRM
reduces to the one-zone model at high feed flow rates. In terms of
the ZRM, this would mean that the total variance loses its depen-
dence on ˚2 with increasing flow rate. This is indeed the case
(Fig. 6B). At a feed flow rate of 20 mL  min−1, �̄2/(�1)2 becomes
nearly insensitive to ˚2.

5. Conclusions

In stacked-membrane chromatography the large column diam-
eter to length ratio naturally leads to variations in solute residence
times within the feed-distribution and eluent-collection manifolds.
The ZRM accounts for these unequal flow paths by radially parti-
tioning the membrane stack and associated hold-up volumes into
virtual zones. By fitting the model to a small set of breakthrough
data obtained under non-binding conditions – thus avoiding any
dispersion effects associated with protein adsorption and desorp-
tion – an appropriate ZRM structure can be identified and then
used both to quantitatively match breakthrough data over a range
of operating conditions, including those flow rates where previ-
ous membrane-chromatography models fail, and to decompose the
breakthrough data to identify and possibly correct major sources
of band broadening within the system. The results highlight the
importance of proper design of the external hold-up volumes, espe-
cially in systems where the membrane volume is equal to or less
than the external hold-up volumes.

In a follow-up publication, we  use the ZRM to characterize
stacked-membrane chromatography under binding conditions to
permit the regression of binding kinetics parameters and the proper
form of the adsorption isotherm from limited data, the predic-
tion of breakthrough curves, and the optimization and scale-up
of a separation from data acquired on the scaled-down XT5 mod-
ule. Treating the hydrodynamic and adsorption effects separately
enables scale-up to proceed in an economical and efficient manner.
The zonal arrangement as well as tank sizes and flow ratios are first
determined at scale following the procedure outlined in this work.
The binding parameters and isotherm determined from the scaled-
down device are directly transferable across scales and geometries
as they are independent of the flow effects in the external hold up
volumes. This greatly reduces the costs associated with optimizing
large scale chromatography modules using the ZRM.
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Appendix A.

The sum of volumetric flow rates Qi through the individual zones
equals the overall volumetric flow rate Q through the chromatog-
raphy module. We  therefore may  define flow fractions ˚i = Qi/Q
which are independent of the overall volumetric flow rate Q and
contain one degree of freedom less than the corresponding volu-
metric flow rates Qi. Together, the flow fractions and the interstitial
velocities are required to determine the size of each membrane
zone since a small zone with fast interstitial flow can have the same

volumetric flow rate as a large zone with slow interstitial flow.

In a network of CSTRs the number of outflows from a given
tank is irrelevant to the mathematical description. If one tank feeds
another in the physical model, the corresponding equations are
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Fig. A1. Junction of flows through three zones in a cascade of CSTRs.

oupled by taking the concentration within the feeding tank as the
nlet concentration of the fed tank. The same rule holds when a tank
eeds a membrane zone. Downstream of the membrane stack how-
ver, the model includes tanks with multiple inflows (see Fig. 2). A
ank with j inflows is mathematically described by an instance of
q. (A.1).

∂cCSTR

∂t
=

j∑
i=1

cCSTR
in,i

�i
− cCSTR

�
(A.1)

here

1
�

=
j∑

i=1

1
�i

(A.2)

ere cCSTR denotes the concentration in the respective tank, cCSTR
in

he corresponding inlet concentration and � the residence time.
A set of flow fractions must be defined for each tank with

ore than one inlet. Fig. A1 illustrates this situation in more detail
nd represents the collector tanks from Fig. 2A. The set ˚1 to
3 with ˚1 + ˚2 + ˚3 = 1 refers to the flow fraction through each

one, while the sets ˚1b,1 and ˚1b,2 with ˚1b,1 + ˚1b,2 = 1 as well as

2b,1 and ˚2b,2 with ˚2b,1 + ˚2b,2 = 1 refer to the inlets of tanks

b and 2b, respectively. An instance of Eq. (A.1) is set up for
ach of these tanks with residence times 1/�1b,1 + 1/�1b,2 = 1/�1b
nd 1/�2b,1 + 1/�2b,2 = 1/�2b, and with flow fractions ˚1b,i = �1b/�1b,i

[
[
[
[
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and ˚2b,i = �2b/�2b, for 1 ≤ i ≤ 2. The flow fractions through the
membrane zones are then uniquely determined by ˚1 = ˚1b,1,
˚2 = ˚1b,2·˚2b,1 and ˚3 = ˚1b,2·˚2b,2. Analogous relations can be
derived for complex networks with more membrane zones or with
exchange flows between the tanks.
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